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Communicated by E. Lukacs 
A theorem is proved that characterizes multivariate distribution functions of 
class L. This theorem is used to show that every n-dimensional, symmetric 
distribution function of class L is unimodal in the sense of Kanter. 
1. INTRODUCTION 
The usual vector notation will be adopted. Bold face symbols of the form x 
and X will be used to denote vectors and vector random variables. The Euclidean 
norm of a vector x will be denoted by 1 x 1 and the inner product of two vectors 
x and y will be denoted by (x, y). Euclidean n-space will be denoted by R, . The 
set {XE R,: - x E A} will be denoted by -A and the set {x E R,: x # 0) will 
be denoted by R, - 0. 
Let .S? denote the Bore1 sets of R, . Let F(x) be an n-dimensional distribution 
function and let P be the probability measure generated by F(x). The distribu- 
tion function F(x) is said to be symmetric if P(B) = P(-B) for every B E 9’. 
The distribution function F(x) is said to be spherically symmetric if P(B) = 
P(B’) for every B E G? and every B’ E .93 that can be obtained from B by rotating 
R, around the origin. 
A distribution function F(x) defined on R, is said to be a distribution function 
of class L if there exists a sequence of independent random variables X, , X, ,... 
such that for suitable vectors A, and constants B, > 0 the random variables 
Y, = (Xl + *.. + JL)/B~ - Al, 
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have the property that FY, y F and in addition the random variables 
form an infinitesimal system. 
Levy [4] showed that F(x) is an n-dimensional infinitely divisible distribution 
function if and only if its characteristic function has the form 
f(t) = exp {i(u, t) - H& t) + Ju,, Wt, u) dM(u)/ 
where 
qt, u) = .@“.“’ - 1 - i(t, 4 
l+lu12 ; 
y is a vector in R,; A is a symmetric non-negative operator; and M(u) is a 
completely additive, non-negative set function such that ~O</u/<l 1 u I2 &W(u) < 
co and slul>i &V.!(u) < 00. This representation is unique. The function M(u) 
is called the L&vy spectral function of F(x). 
The n-dimensional distribution functions of class L are contained in the class 
of n-dimensional infinitely divisible distribution functions. The following two 
theorems, that characterize distribution functions of class L in one dimension, 
were proved by Levy (see [2] or [4]). 
THEOREM A. In order that the distribution function F(x) belong to the class L, 
it is necessary and st@cient that for every (Y (0 < 01 < 1) F(x) be the convolution of 
F(x/ol) and some other distribution function F,(x). 
THEOREM B. In order that the distribution function F(x) belong to the class L 
it is necessary and suficient that its Levy spectral function M(u) have right and left 
derivatives for every value u # 0 and that the function uM’(u) be nonincreasing on 
(-co, 0) and (0, co). [Here M’(u) d eno t es either the right or left derivative, possibly 
d$jkrent ones at di&rent points.] 
Theorem A generalizes easily to higher dimensions. In section 2 an n-dimen- 
sional generalization of Theorem B will be given. In Section 3 a theorem from 
Section 2 and a theorem of Kanter will be used to show that n-dimensional, 
symmetric distribution functions of class L are unimodal in the sense of Kanter. 
Another characterization of distribution functions of class L, due to Urbanik, 
can be found in [8]. Urbanik has generalized this theorem and obtained charac- 
terizations of multivariate distribution functions of class L [9] and multivariate 
distribution functions of class L “in the wide sense” that arise as limits of the 
distribution functions of affine modifications of the sums of independent vector- 
valued random variables [IO]. 
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2. A CHARACTERIZATION OF DISTRIBUTION FUNCTIONS OF CLASS L 
Let S denote the surface of the unit sphere in R, and let g denote the Bore1 
sets of S. If B E 99 then B, will denote the set B x (Y, cm). Let F(x) be an 
infinitely divisible distribution on R, with Levy spectral function M(u), and let 
N(B, r) = --M(B,) for B E 99 and 0 < I < co. In this section, the following 
generalization of Theorem B will be proved. 
THEOREM 1. In order that the distribution function F(x) belong to the class L, 
it is necessary and sz@cient that the function N(B, Y) haae right and left derivatives 
with respect o r for 0 < r < co for each B E W and that the function r(dN(B, r)/dr) 
be nonincreasing on (0, co) for each B E B. [Here dN(B, r)/dr denotes either the 
right OT left derivatives, possibly di$ferent ones at d$jQrent points.] 
Proof. Theorem A generalizes easily to n dimensions. Implicit in that proof 
is the fact that if 0 < 01 < 1 then F(x/a) and F,(x) are infinitely divisible [see 
the note after the proof of Theorem A in [2]]. Fix B E @. It follows from the 
n-dimensional generalization of Theorem A that if M(u) is the Levy spectral 
function of F(x) then the function M(u) - M(u/or) is a non-negative set function 
on R, - 0 for 0 < 01 < 1. Thus the function N(B, r) - N(B, r/a) must be 
nondecreasing in r for 0 < Y < co. By a method of proof similar to that used by 
Levy [see [2], page 1501, it can be shown that N(B, r) has right and left derivatives 
with respect to r for 0 < Y < co and that r(dN(B, r)/dr) is nonincreasing on 
(0, a>. 
Assume conversely that for each B E g the function N(B, r) has right and left 
derivatives with respect to I for 0 < r < 00 and that the function r(dN(B, r)/dr) 
is nonincreasing on (0, co). Again by using a method of proof similar to that used 
by Levy, it can be shown that for each B E k8 and 0 < 01< 1 the function 
W, 9 - W, / 1 r 0  must be nondecreasing. It follows that for 0 < c1 < 1 the 
function M(u) - M(u/ 01 must be a non-negative set function on R, - 0. Thus ) 
F(x) is a distribution function of class L. Q.E.D. 
If the Levy spectral function of an infinitely divisible distribution function 
J’(x) generates a Lebesgue-Stieltjes measure that is a product measure on 
S x (0, co), then the characteristic function f  (t) of F(x) can be expressed in the 
form 
f  W = exp [i(Y, t) - Wt, t) + lOm Is Wt, rw> 40) dWr)l 
where k(o) is non-negative set function on S and M(r) is a Levy-spectral 
function on (0, co). This representation can be made unique by choosing k(w) 
to be the function that has the property that k(S) = 1. It can be shown that the 
characteristic function of every spherically symmetric infinitely divisible distribu- 
tion function has the above form, where k(o) is a uniform function on S. 
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Rvacveva [5] has shown that the characteristic function of every multivariate 
stable distribution function has the above form where M(r) is the Levy spectral 
function of a one-dimensional stable distribution function of the same order. 
3. UNIMODALITY OF SPHERICALLY SYMMETRIC DISTRIBUTION FUNCTIONS OF 
CLASS L. 
In a previous version of this paper, the author showed that it is possible to 
combine Theorem 1 with a theorem of his in [13] and show that every n-dimen- 
sional, spherically symmetric distribution of class L is n-unimodal. Since writing 
the first version of this paper, the author has become aware of some work of 
Kanter that can be used to obtain a more general theorem. 
Let IV, stand for the set of all probability measures on R, and let h,(A) = 
p(K n A) for all Bore1 measurable sets in R, where u denotes Lebesgue measure 
and K is a compact, convex, symmetric subset of R, . Let U, stand for all 
measures u on R, that are of the form 
where 7 is a measure on W, . Kanter [3] defines an n-dimensional distribution 
function to be symmetric unimodal if it generates a measure that is contained 
in U,, . The class of n-dimensional symmetric unimodal distribution functions 
properly contains the class of n-dimensional, symmetric distribution functions 
that are n-unimodal in the sense of Olshen and Savage [5]. 
Kanter proves a theorem (Theorem 4.1. in his paper) that states that an 
n-dimensional distribution function is symmetric unimodal if its Levy spectral 
function generates a measure that is contained in U, . This theorem of Kanter 
can be combined with Theorem 1 to prove the following theorem. 
THEOREM 2. A symmetric n-dimensional distribution function of class L is 
symmetric unimodal. 
Proof. It is well known that an n-dimensional distribution function is sym- 
metric if and only if its characteristic function is real. A proof of this statement 
can be found on page 15 of [l]. It follows easily that an n-dimensional symmetric 
infinitely divisible distribution function has a symmetric Levy spectral function. 
Let F be a symmetric n-dimensional distribution function of class L. Then it 
follows from theorem 1 that for every B E a the function r(dIV(B, R)/dR) is 
nonincreasing on (0, to). Thus dN(B, R)/dr is nonincreasing on (0, 00) and since 
M(u) is symmetric, M(u) generates a measure that is contained in U,, Theorem 2 
now follows from Theorem 4.1 of Kanter. Q.E.D. 
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This theorem generalizes a theorem of Kanter that states that every symmetric, 
n-dimensional stable distribution is symmetric unimodal. It was shown in [12] 
that every one-dimensional L function thats Levy spectral function has support 
on the positive axis is unimodal. The question as to whether or not every one- 
dimensional L function is unimodal is still open. It seems reasonable to conjecture 
that every n-dimensional L function thats Levy spectral function has support on 
the positive cone and perhaps every n-dimensional L function is n-unimodal. 
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